Amyloid fibrils are b-sheet-rich linear protein polymers that can be formed by a large variety of different proteins. These assemblies have received much interest in recent decades, due to their role in a range of human disorders. However, amyloid fibrils are also found in a functional context, whereby their structural, mechanical and thermodynamic properties are exploited by biological systems. Amyloid fibrils form through a nucleated polymerisation mechanism with secondary processes acting in many cases to amplify the number of fibrils. The filamentous nature of amyloid fibrils implies that the fibril growth rate is, by several orders of magnitude, the fastest step of the overall aggregation reaction. This article focusses specifically on in vitro experimental studies of the process of amyloid fibril growth, or elongation, and summarises the state of knowledge of its kinetics and mechanisms. This work attempts to provide the most comprehensive summary, to date, of the available experimental data on amyloid fibril elongation rate constants and the temperature and concentration dependence of amyloid fibril elongation rates. These data are compared with those from other types of protein polymers. This comparison with data from other polymerising proteins is interesting and relevant because many of the basic ideas and concepts discussed here were first introduced for non-amyloid protein polymers, most notably by the Japanese school of Oosawa and co-workers for cytoskeletal filaments.
Introduction
The formation of amyloid fibrils is a multi-step process, involving nucleation, growth and proliferation steps [1] (Figure 1a ). It is of an obvious interest to understand how and why the first fibril(s) nucleate in a given system [2] and how they proliferate through secondary processes [1, 3] . However, the nature of amyloid fibrils, as protein polymers of very high aspect ratio (ratio length/width) of up to 1000 and more, underlines the dominant role that fibril growth plays in the overall conversion process of monomeric to fibrillar protein. Amyloid fibril growth, the addition of a (monomeric) building block onto a fibril end, corresponds to a basic manifestation of the phenomenon of misfolding [4] : the protein monomer inside the fibril adopts a non-native conformation into which it has to 'mis'-fold (Figure 1a , b). Much general insight into protein aggregation can be gained from the selective and careful study of amyloid fibril growth in isolation. It is, therefore, somewhat surprising that the number of published studies that have put some emphasis on the detailed studies of fibril growth represent only a small fraction of the overall literature on amyloid fibrils. The aim of this article is to summarise the general state of knowledge on the kinetics and mechanisms of amyloid fibril growth. The perspective will be hereby limited entirely to experimental studies, reflecting the author's own limitations in being able to assess computational work. Furthermore, the small number of available analytical theoretical treatments of fibril elongation have been excluded from the discussion, which does in no way express any negative attitude towards these types of studies. On the contrary, I hope that the extensive collection of data that I have gathered for this article will trigger the interest of theoreticians and provide them with a basis for the further conceptual development of amyloid fibril elongation. Furthermore, *Alexander K. Buell was the recipient of the Biochemical Society's Biotechnology Early Career Research Award in 2017.
Version of Record published: 11 October 2019 I hope that this article will stimulate additional experimental research on amyloid fibril elongation that will help in elucidating both the governing general physico-chemical principles at work and the specific features that each unique fibril system presents. In particular, the latter is being finally enabled through the increased availability of high-resolution structures of amyloid fibrils, mostly from cryo-electron microscopy (cryo-EM, Figure 1b ) [5] [6] [7] [8] [9] . In the following treatment, the implicit assumption is made that above a certain length, the elongation (and dissociation) rate constant of an amyloid fibril is independent of the length of the fibril. While this is a plausible assumption, given the high degree of order and periodicity of amyloid fibrils, it is very challenging to determine the length of such a minimal fibril experimentally. However, the emerging high-resolution structural information allows at least to define a minimal unit within which the monomer at an extremity can undergo the same interactions as in an infinitely long fibril [7, 9] . Therefore, when I speak of amyloid fibrils in the following, I always mean a structure of at least the size of this minimal unit.
Experimental measurements of amyloid fibril growth
The study of amyloid fibril growth relies on the availability of an experimental probe that is able to distinguish between protein molecules in their monomeric/soluble form and their fibrillar form. The most widely used methods investigate amyloid fibril formation and growth in solution and are spectroscopic in nature, notably based on fluorescent dye molecules that have distinct affinities and fluorescence spectral properties when exposed to either monomeric or fibrillar protein. Next to the most commonly used dye Thioflavin-T, several others have been developed [10] , but none of these has as yet been able to replace ThT as the dye of choice of most research groups in this field. Its use has been extensively reviewed elsewhere [11] . The fact that amyloid fibril growth is usually associated with a notable increase in b-sheet content allows also the use of circular dichroism (CD) spectroscopy [12] . The formation of aggregates is, in general, associated with a strong increase in light scattering, due to the R 6 scaling of the Rayleigh scattering intensity with the particle radius R, in the case of a spherical particle. While this increase in scattering can be problematic in spectroscopic experiments, it can be directly exploited in light scattering experiments to follow amyloid fibril formation in general [13] and fibril growth rates in particular [14] , because the overall scattering intensity is dominated by the aggregates, even under conditions where monomer is present at a large excess. Furthermore, the kinetics of amyloid fibril resolution structural information on amyloid fibrils (illustrated with amyloid fibrils from PI3K-SH3 [9] pdb 6R4R) demonstrates that the picture of amyloid fibrils as purely one-dimensional assemblies is an oversimplification. Top: cross-section of the fibril, which consists of two identical filaments. Bottom: side view of a small filament segment, illustrating that each monomeric building block (see monomer marked in red) spans several layers of the filament.
growth can be followed through the heat that is released or absorbed during the growth reaction, using isothermal titration calorimetry (ITC) [15] . However, these types of experiments have mainly been used so far for thermodynamic [16, 17] rather than kinetic studies. Another important class of measurement techniques for protein aggregation, which are particularly well adapted for studying the growth of pre-formed fibrils, are surface-based biosensing experiments, whereby the seed fibrils are attached to the surface of a biosensor [18] , allowing only processes in proximity to the surface to be detected. The growth of the surface-bound fibrils upon exposure to protein solutions can then be monitored. Under optimised conditions, the sensor surface needs to be incubated with solutions of protein monomer only for several minutes, a time scale during which, in most cases, no significant nucleation of new fibrils occurs. The use of surface-based biosensing for the study of amyloid fibril growth was initially mostly based on surface plasmon resonance (SPR [19] [20] [21] , detection based on change in refractive index), but later, quartz crystal microbalance (QCM [22, 23] , detection based on change in hydrodynamic mass) devices were shown to allow the convenient and detailed study of amyloid fibril growth. It has been shown that, at least concerning the relative effects of changes in salt concentration on the fibril elongation rate, surface-based biosensing techniques (SPR and QCM) are equivalent to bulk solution techniques [dynamic light scattering (DLS), ThT fluorescence] [14] .
Independently of the physical principle used to follow the growth of amyloid fibrils, two fundamentally different types of measurements of amyloid fibril growth rates can be distinguished, those based on monitoring a large number of simultaneously growing fibrils (ensemble measurements), and those where the growth of individual fibrils is studied (single particle measurements). While the majority of available data on amyloid fibril growth have been obtained using ensemble experiments, single particle experiments can provide unique and detailed mechanistic insight. In the section on the energy barriers of amyloid fibril growth, I discuss in more detail the different types of information provided by ensemble and single particle experiments and how they can be compared.
When an individual amyloid fibril is monitored over time, for example by atomic force microscopy [24] [25] [26] [27] [28] [29] or high-resolution optical microscopy [30] [31] [32] , the growth rate can be directly extracted from the so-called kymographs, i.e. plots of fibril length against time. The most recent additions to the array of single particle techniques applicable to the study of amyloid fibrils are interferometric scattering microscopy (iSCAT) [33] , whereby the scattering intensities from individual particles are measured, and thermophoretic traps, where individual amyloid fibrils can be trapped and observed by fluorescence microscopy [34] . In ensemble measurements, the average behaviour of a large number of fibrils is studied and a detailed kinetic analysis of the data is necessary in order to be able to extract fibril growth rates. When de novo aggregation experiments are carried out, starting with fully monomeric protein, global fitting of concentration-dependent kinetic data is necessary in order to determine the rates and rate constants of the individual nucleation, growth and proliferation processes [35] . This situation can be dramatically simplified by performing strongly seeded experiments, in which fibril elongation is the only process that contributes significantly to the reaction [36] . The regime of strong seeding can be achieved in one of two ways. In solution experiments, a sufficient quantity of seeds has to be added, such that during the timescale of consumption of the monomeric protein, no significant increase in the number of fibrils occurs due to de novo nucleation. This may mean adding between 1 and 50% of seed fibrils (mass equivalents) to the monomeric protein at the start of the reaction [36, 37] . The strongest criterion for assessing whether or not processes in addition to fibril elongation occur in a given seeded reaction is to fit the resulting data to a kinetic model. If the full aggregation time course corresponds to a single exponential function (see Appendix 1 for a derivation), it is very likely that only elongation contributes appreciably to the dynamic behaviour of the aggregating system.
All seeded experiments have in common that the seed preparation is of crucial importance for the quality and reproducibility of the data. Homogenisation by stirring or treatment with ultrasound [38] is of great benefit and it is recommended to characterise the seed fibrils by a high-resolution imaging technique, such as AFM or EM (negative staining or cryogenic). Even though the purity of the monomeric protein is always an important point in biophysical studies of amyloid fibrils, contamination with small amounts of aggregates that can act as seeds is of less consequence in strongly seeded compared with unseeded experiments, because the strong seeding will dominate the behaviour and mask the influence of any potential weak contamination in the monomer. In a section further below, I propose a definition of a way to quantify the seeding efficiency of a given batch of fibrils, which can contribute to rendering data acquired with different batches of seed fibrils more easily comparable. experiment are monomeric protein and pre-formed seed fibrils. Both can be varied, but the variation of the concentration of seed fibrils is more limited in range. When the concentration of added seed fibrils is very low, the time scale of the seeded experiment can become too long to allow the neglecting of nucleation processes during the course of the experiment. At very high seed concentrations, on the other hand, the reaction can be too fast to reliably measure with conventional equipment, such as fluorescence multiwell plate-readers, and higher order assembly of fibrils can rapidly become relevant [37] . Therefore, in practice, seed fibril concentrations in bulk solution experiments rarely exceed small micromolar concentrations. In such experiments, the expected linear dependence of the overall growth rate with seed concentration is usually found [37, [39] [40] [41] [42] [43] . Monomer concentration, on the other hand, can be varied by several orders of magnitude, ranging from submicromolar to hundreds of micromolar.
Two fundamental observations have been made about the concentration-dependence of amyloid fibril growth. At very low concentrations (often below micromolar), fibrils can be observed to cease to grow, and even dissociate in some cases (negative elongation rate in Figure 2 ). This behaviour is easily explained through the fact that amyloid fibrils are in equilibrium with monomeric protein and if the available monomer concentration falls below the equilibrium concentration (m eq ), also known as critical concentration (m crit ) the equilibrium shifts in the direction of the monomer, which corresponds to dissociation of fibrils (Figure 2a ). This characteristic behaviour has been used repeatedly to determine the equilibrium concentration of functional protein polymers, such as actin [44, 45] and tubulin [46] . In the case of amyloid fibrils, such studies at very low monomer concentrations are most easily performed using surface-based experimental techniques. In a bulk solution experiment, very low monomer concentrations can only be achieved by strongly diluting an equilibrated, fibrillar sample, which renders subsequent characterisation difficult. In a surface-based experiment, the solution in equilibrium with the surface-bound fibrils can be easily and rapidly replaced by a more dilute solution, or indeed pure buffer using the flow system of the biosensing device. By decreasing the monomer concentration in contact with the seeds to very low values and measuring in each case the rate of growth or dissociation, the equilibrium concentration of monomer can be determined [20, 29, 47] . In these types of experiments at low monomer concentrations, linear behaviour of the growth rate, as a function of the monomer concentration, is usually found, in agreement with the idea that fibril growth is a bimolecular reaction between a monomer and a fibril end [37, 39, 48, 49] . Indeed, if amyloid fibrils were to grow by the addition of dimers or larger oligomers in equilibrium with monomers, a higher than linear dependence of the growth rate on the concentration of soluble protein can be expected, as has recently been reported for the first time in the case of the ΔN6 variant of β2microglobulin [50] . Therefore, a careful examination of the concentration dependence of amyloid fibril growth rates at low concentration allows us to define the elongating species. It should be noted, however, that while amyloid fibrils have been found to grow in most cases by monomer addition, monomer refers in this context to the smallest existing unit in solution, which could, in fact itself be a dimer or higher order structure, such as is the case for insulin for example, where under many conditions the only species that is detectable is the dimer [51] and only relatively harsh conditions lead to monomerisation [51] . The critical concentration for fibril growth can depend strongly on the solution conditions [53] , but is generally quite low (often significantly below one micromolar, for example in the case of the amyloid b-peptide [20, 53, 54] ), which explains that not many accurate measurements are available. One amyloid protein for which a wide variety of reports for the critical concentration exist is a-synuclein. It is often reported that at the end of aggregation experiments, up to several tens of micromolar of non-fibrillar protein is detected [43, 55] , for example by measuring the concentration of the supernatant solution after centrifugation. At the same time, it has been reported that a-synuclein can aggregate in solution at low micromolar concentrations [56] and from lipid bilayers at low nanomolar concentrations [57] . Therefore, reports for the critical concentration span more than three orders of magnitude in this system, corresponding to apparent differences in aggregate stability of more than 17 kJ/mol. This difference can be explained by the fact that in some experiments, thermodynamic equilibrium may not have been reached yet [55] , whereby the measured monomer concentration does not correspond to the equilibrium concentration. On the other hand, the finding that fibrillar aggregates can form at very low monomer concentrations from lipid bilayers could stem from an additional stabilisation that the fibrils gain by forming protein-lipid co-aggregates. Furthermore, the effective concentration close to a surface which has a high affinity for the protein can also be substantially higher than the bulk concentration.
On the other end of the spectrum is the exploration of the amyloid fibril elongation behaviour at high monomer concentrations. Most studies that have explored a sufficiently large concentration range have found that the linear dependence of the growth rate observed at low monomer concentrations eventually goes over into a regime whereby the elongation rate becomes independent of monomer concentration ( Figure 2b ). This transition from linear to saturated behaviour is reminiscent of Michaelis-Menten enzyme kinetics, as had already previously been pointed out in the case of the concentration dependence of flagellin polymerisation [58] . The fibril ends correspond to the enzymes' active sites and the monomer concentration corresponds to the substrate concentration. Similarly to the case of enzyme kinetics, this type of concentration dependence can be characterised by the concentration at which half the maximal elongation rate is reached, m 1=2 . This characteristic concentration has been measured for a range of amyloid systems (see Table A1 in Appendix 2 for numerical values and references), but no comparative analysis of the available data has been performed to date. In Figure 3a , these concentrations are compared for a range of systems by plotting m 1=2 against the length of the polypeptide chain. Using dimensionality arguments, m 1=2 , can be converted into a time scale ( Figure 3b , see Appendix 2 for details), which we have shown previously to correspond to a residency time, t r of the protein monomer at the fibril end [48] .
It appears as if m 1=2 , respectively t r , are weakly correlated with sequence length, with longer sequences spending on average more time in proximity of the fibril end. While the fibril end is occupied by a monomer, no other protein molecule can attempt an incorporation, and therefore a longer residency time corresponds to a lower saturation concentration. However, it is also apparent that a given protein can display a wide variation of different t r under different solution conditions (Table A1 ). This phenomenon is most clearly illustrated by the results of a recent study, whereby amyloid fibril elongation of the mammalian prion protein (PrP) was investigated at a wide variety of different denaturant concentrations and it was found that the saturation behaviour depends dramatically on the denaturant concentration [42] . In Figure 3 , only data from one intermediate denaturant concentration (2.3 M GndHCl) are shown. While not enough data of this type exist yet to draw a definitive conclusion, it appears as if in those systems where a dependence of m 1=2 , respectively t r on the solution conditions has been investigated, solution conditions that disfavour weak interactions (low pH, no salt [59] or high denaturant concentration [42] ) lead to shorter residency times of the monomer at the fibril end. This suggests that the residency time of the monomer at the fibril end is determined by weak and transient interactions with the fibril end. The weak correlation between sequence length and residency time might then stem from the fact that larger sequences can, on average, form a larger number of weak interactions with the fibril end.
Transient vs. steady-state measurements of amyloid fibril growth
The large majority of bulk solution amyloid fibril elongation experiments are performed in a regime of steady-state growth, i.e. during a situation, whereby the concentration of growing fibril ends is much lower (by two to three orders of magnitude) than that of available monomers, and the latter changes only slowly (minutes to hours) during the experiment. This also means that the signal to be detected stems from all the species present in the reaction mixture. When a probe sensitive for the fibrillar state is used, such as ThT, the signal will be dominated by the fibrils, and if the experiment is sensitive to the monomer (e.g. solution nuclear magnetic resonance, NMR), the signal will be dominated by the non-incorporated free monomer. It is very challenging to perform measurements sensitive to the monomer during the process of incorporation into a fibril. Early SPR-based studies have observed that surface-bound fibrils display two kinetic phases upon both exposition to monomeric protein, as well as subsequent washing with a buffer [19] [20] [21] 60] and this behaviour was interpreted in the framework of the so-called dock-lock model of amyloid fibril growth. In this picture, the monomer attaches initially weakly and reversibly to the fibril end ('dock'), followed by a structural rearrangement and adoption of the fibrillar conformation ('lock'). While this model is in agreement with the data presented in the previous section (saturation of elongation rate at high monomer concentrations), the biphasic behaviour observed in these SPR experiment (illustrated in Figure 4b ) cannot be explained in this manner. The amyloid fibrils attached to the SPR sensor surface all contain of the order of hundreds of monomers and therefore 'docking' of a single monomer to each end should lead to a reversible amplitude of less than one per cent of the total surface-bound mass. In these experiments, however, it is usually found that the reversible amplitude represents a much larger (by one order of magnitude and more) fraction of the total surface-bound mass. This finding can be easily explained by assuming that the monomer weakly absorbs not selectively to the fibril ends, but rather to the entire fibril surface ( Figure 4 ). Indeed, a similar conclusion was reached in an elegantly designed study, in which the transient binding of monomeric b2-microglobulin to (non-fluorescent) seed fibrils was followed by Trp fluorescence [61] . It was found that the stoichiometry of monomer binding to fibrils was such that binding to fibril surfaces had to be the dominant process.
In recent years, it has become increasingly evident that the binding of monomeric protein to the surface of fibrils plays a crucial role in the amplification of fibrils through secondary nucleation. Indeed, the thermodynamics of monomer binding to the fibril surface defines the thermodynamics of the overall secondary nucleation behaviour [62, 63] . Re-evaluation of previously published data [19] [20] [21] within this framework shows that the reported behaviour (scaling of reversible amplitude with incubation time and monomer concentration) is consistent with the picture that upon contact between fibrils and monomer solutions, a rapid pseudo-equilibrium is established between free monomer and monomer weakly associated with binding sites on the fibril surface, which is also consistent with recent QCM experiments [64, 65] . The shorter the incubation period with monomer solution, the greater the bias towards (weak, readily reversible) surface attachment and the longer the incubation time, the greater the bias towards (less reversible) elongation ( Figure 4 ). This behaviour has been investigated in some detail for the amyloid b peptide and it has been found that the affinity of the monomer for the fibril surface is 100 times weaker than for the fibril end [62, 63] .
Therefore, in order to explore the transient behaviour of monomers in contact with fibril ends and follow the process of incorporation into the fibril, it will be necessary to tune the solution conditions such that monomer has a negligible affinity for the fibril surface, which will be challenging, or else the signal will likely be dominated by binding to the fibril surface, due to the larger number of possible binding sites. Alternatively, single particle/ molecule experiments could be designed, whereby the end of a fibril should be selectively monitored over time while exposed to, for example fluorescently labelled monomer. The conformational change of the monomer undergoing incorporation could be followed by, for example, Förster resonance energy transfer (FRET).
The rate constants of amyloid fibril elongation
In Figure 3 , it can be seen that the time scales corresponding to the saturation of the elongation process, i.e. the residency times, differ by approximately two orders of magnitude between all the amyloid systems characterised so far. This represents a significantly smaller relative variation compared with that found for the absolute rates of amyloid fibril growth by different proteins, as expressed by the second-order rate constant k þ . This is illustrated in Figure 5 , where, without any claim or ambition for completeness, I have gathered data from many studies that either directly quoted a value of k þ or that allowed to estimate it in a straightforward manner from the presented data, assuming in all cases that growth occurred through monomer addition. Data from both ensemble and single particle experiments are included; the latter allow a direct determination of the fibril growth rate, simply as a measured increase in length over a certain time period.
In ensemble measurements, the detected signal stems from the simultaneous growth of a large number of amyloid fibrils. The data in the plot have been separated into disease-related and functional amyloid. For comparison, rate constants of some non-amyloid functional protein polymers (actin, tubulin and flagellin) are also included, as well as the growth rates of sickle haemoglobin polymers as a representative of non-amyloid disease-related protein polymers.
The bi-molecular nature of amyloid fibril elongation, as a reaction between a protein monomer and a fibril end, requires both the concentrations of monomers and fibril ends to be known in addition to the actual reaction rate, in order to be able to determine the magnitude of the molecular rate constant. In this context, the largest uncertainty stems from the determination of the number of growing fibril ends, which is usually based on the analysis of the length distribution of the seed fibrils by EM [63] or AFM [37] . The length distribution, in conjunction with mass per length measurements [66] or the general geometry of the fibrils (width, height [37] ), can then be used to estimate the average number of monomers per fibril, which allows to convert the fibril concentration from monomer equivalents to a particle concentration.
When data from ensemble measurements of amyloid fibril growth are analysed in this way, a degree of uncertainty remains even if the macroscopic rates and the relevant concentrations are well defined. This is because it Table A1 .
cannot be determined from bulk experiments whether growth occurs at both ends of the fibril or whether it is unidirectional. Different degrees of polarisation of the growth rate have been observed for a range of functional protein polymers [46, 67, 68] , and it is usually explained by the fact that the two ends of a fibril are structurally distinct, which is ultimately due to the asymmetry of the monomeric building blocks. In the case of amyloid fibrils, single particle measurements have revealed that fibril growth is generally polarised, with different degrees of growth rate asymmetry being observed [24, 26, 28, [69] [70] [71] . This is particularly straightforward to detect in cases where the seed fibrils and monomeric protein are labelled with different fluorophores and the newly grown parts on both ends can be quantified by a high-resolution optical microscopy [70, 71] . A marked difference in growth rate of the two ends reflects a difference in the free energy barrier for monomer addition to the two ends. However, the equilibrium monomer concentration of both ends is obviously identical, and therefore the ratio of on-and off-rate constants is identical for both ends (see Appendix 2) . This implies that the end with the faster rate of monomer addition will also have the faster dissociation rate. The highly resolved structural information of amyloid fibrils that is becoming increasingly available from solid-state NMR [72] and cryo-EM [8, 9] measurements is likely to aid in rationalising the polarisation of amyloid fibril growth rates. In single particle kinetic studies, it is also often observed that individual fibrils can display widely varying absolute growth rates [69, 70] and this observation has been interpreted as a manifestation of the strain phenomenon, i.e. the presence of populations of amyloid fibrils with distinct structures in the sample [69] . The existence of multiple distinct populations of fibrils in a given sample has also been demonstrated unambiguously with the help of cryo-EM [5, 6] . Inspection of Figure 5 reveals that the range of measured rate constants of amyloid fibril elongation spans approximately five orders of magnitude (not considering one single particle measurement reporting two orders of magnitude faster rates than any other experiment [65] , the inclusion of which leads to a range of more than seven orders of magnitude). In this context, it is interesting to consider the theoretical upper limit of the rate constant of protein polymer growth, which is given by the diffusional arrival of monomeric protein at the polymer end. For a typical protein, a rate constant of 1:8 Â 10 À9 M À1 s À1 is obtained (see Appendix 3). This limit is indicated in Figure 5 with a red horizontal line. Therefore, all existing measurements/estimates of amyloid fibril elongation rate constants are below this theoretical limit, even the unusually high estimate from [65] . This means that in all cases, in order for a monomer to incorporate into an amyloid fibril, it will have to cross a (free) energy barrier (see below). The wide range of reported elongation rate constants, therefore, reflects the wide range of the magnitudes of the free energy barriers. The lowest reported rate constants probably do not represent a lower limit of amyloid fibril growth, but rather reflect limitations in the experimental study of very slowly growing amyloid fibrils.
A closer look into Table A2 in Appendix 3 reveals that even for one given peptide, the reported rate constants can differ significantly, often caused by the differences in solution conditions, most notably temperature, (a) (b) Figure 5 . The rate constants of the fibril growth reaction.
(a) Despite the fact that the process of amyloid fibril growth might involve the crossing of multiple barriers, the highest barrier determines the absolute rate and hence the process can be approximated as a single barrier crossing event. (b) Overview of rate constants of amyloid fibril growth, as well as for the growth of some non-amyloid protein polymers from the literature. An overview of the data is given in Table A2 . The data points are separated by the type of amyloid system (disease-related, functional or neutral) and by the measurement technique into ensemble (ens) or single particle (sp) measurements. Neutral amyloid refers to amyloid fibrils that are neither associated with disease, nor with a distinct biological function.
pH and ionic strength (see below). This finding highlights an important difference between the growth of amyloid fibrils and that of other types of protein polymers. It can be seen that the functional protein polymers have very similar, relatively high rate constants for growth. This probably reflects partly measurement bias, given that the functional polymers are usually studied under physiological solution conditions, whereas amyloid fibril formation is studied within a much larger region of the space of solution conditions. Nevertheless, the rate constants of amyloid fibril growth appear to be considerably more variable, both between different proteins and for any given protein. The latter feature expresses what might be termed the tunability of amyloid fibril growth rate constants. Qualitatively, the phenomenon of amyloid fibril growth is highly robust against variations in solution conditions, whereas the rate constants can be changed considerably by such variations. Similarly dramatic changes in solution conditions, as those common in the study of amyloid fibrils, would most likely not be tolerated by the proteins forming functional polymers. The latter often polymerise in their native forms and once the native form is destabilised too much such that its structural integrity is compromised, the polymer can no longer form [73] .
The energy barriers of amyloid fibril growth
The determination of the rate constant of amyloid fibril growth under any given set of conditions requires, as outlined above, the precise determination of the rate of growth, as well as the concentration of monomeric protein for single particle measurements and in the case of ensemble measurements, the concentration of growing ends needs to be estimated in addition. These parameters, in combination with the assumption that the fibril behaves like a linear polymer [74] allows us to determine the rate constant. Interestingly, the analysis of protein polymer growth rates within the framework of the linear polymerisation model has recently been challenged in the case of tubulin [75] and sickle haemoglobin (HbS) [76] , both of which are not truly one-dimensional polymers, and which can also be analysed in the framework of more complex, two-dimensional models. The increasingly detailed structural information available for amyloid fibrils, which reveals that the cross-section of amyloid fibrils mostly consists of more than one monomer and that a single monomer can span several layers of a filament (Figure 1b) , may lead to a reconsideration of the applicability of the simple linear polymerisation model to amyloid fibrils. At present, however, it is the model of choice and widely accepted and employed. In order to determine the (free) energy barriers of amyloid fibril growth, however, an additional layer of modelling is required, which is less firmly established. The basic idea is that the rate constant is a product of two factors, a so-called kinetic pre-factor, G, and a Boltzmann factor (exponential factor of a (free) energy):
This functional form expresses the idea that the absolute rate constant consists of the product of an attempt rate to overcome an energy barrier, multiplied with the probability that the molecule has enough energy to actually be able to overcome the barrier. The nature of both of these factors has been, and still is, open for debate. Here, I will not discuss the various possible choices for the nature of the pre-factor and of the energy function in the Boltzmann factor. I will use here the framework whereby the pre-factor is diffusive and the Boltzmann factor contains a free energy barrier, DG z [48, 49] . It is obvious, however, that independently of the actual choice of model, the choice of the pre-factor will influence the numerical value of the barrier. Therefore, if free energy barriers are to be quoted, the numerical values are only meaningful within the context of the prefactors that were used for their computation. In a previous study, we have presented a model, whereby the prefactor reflected the overall diffusive motion of the incorporating monomer, as well as the diffusion of the internal degrees of freedom of the polypeptide [48] . However, an even simpler and very instructive choice of diffusional pre-factor is the upper limit for a diffusion-limited reaction presented in the previous section, G ¼ k max ¼ 1:8 Â 10 À9 M À1 s À1 . The free energy barrier can then simply be computed as:
If, for simplicity, the same pre-factor is used for all the proteins of which data are shown in Figure 5 , the magnitude of the free energy barriers can be computed to vary between 13.7 (3.2 if the result from [65] is included) and 46.3 kJ/mol, more than a factor of three (see red boxes in Figure 6a ). An important point to consider is that self-assembly of particles with internal degrees of freedom into ordered structures, such as amyloid fibrils, requires a non-vanishing energy barrier. The complete absence of a barrier would signify that every single collision of a monomer with an aggregate is successful, i.e. leads to the addition of the monomer, independently of the place of impact and the orientation and conformation of the impacting monomer, which would most likely lead to the formation of amorphous structures, as is observed under some conditions of salting out of proteins. At this point, it needs to be discussed how this type of analysis is affected by the finding, in most single particle experiments, that amyloid fibrils are not growing continuously, but rather in a manner that has been termed 'stop-and-go'. This means that if individual fibrils are monitored, periods of growth are interrupted by periods during which the fibrils do not show any sign of growth. In most studies reported to date that have found such stop-and-go behaviour, the durations of the stop and the growth periods are approximately equal. Therefore, if bulk experiments are analysed, the absolute growth rates can be under-estimated by approximately a factor of two. If in addition, the finding is included that amyloid fibril growth can be highly polarised, i.e. most of the growth occurs on one end only, a further factor of two under-estimation can arise if bulk experiments are interpreted such that all fibrils grow all the time with equal rates from both ends. An underestimated absolute growth rate of a factor of four corresponds to an error in the free energy barrier of 3.4 kJ/mol, which is a relatively small (albeit non-negligible) correction on the scale of the absolute values of DG z . Therefore, the main insight stemming from single particle measurements is not necessarily the finding that the absolute growth rates and therefore rate constants can be somewhat higher than those determined from ensemble measurements, but rather the additional insights into the free energy landscape of amyloid fibril growth that can be gained. Given the many independent reports, it is probably safe to assume that the stop-and-go behaviour is a real (albeit not universal [29] ) feature of amyloid fibril growth and not a measurement artefact stemming from the fact that most of the single particle experiments are performed with fibrils attached to a surface (which might interfere with the growth). It can, therefore, be deduced from these results that the fibril end can adopt a conformation during the stop phase that is not amenable to the recruitment of new monomers. The considerable lifetimes observed of such states (minutes) suggest that they are relatively stable, similar, in fact, to the 'correct' state which is able to act as a template. At the same time, the probability to access such a state is much lower (one to two orders of magnitude) than that of a correct incorporation. This can be deduced from the observation that during the individual growth phases, dozens to hundreds of monomers adopt the seedingcompetent state. It is, therefore, hundreds of times more likely to cross the barrier towards the correctly incorporated, seeding competent state compared with crossing the barrier towards the seeding-incompetent state.
The presence of one, or several, such states is clearly a feature that is not represented if fibril growth is regarded as a single barrier crossing [49] . The existence of such states that are similar in energy to the correctly (a) (b) Figure 6 . The energy barriers of (amyloid) fibril growth.
(a) Plot of Arrhenius activation energies of amyloid fibril growth and of functional protein polymerisation, as well as the corresponding free energy barriers. The latter are given as an energy range with the boundaries defined by the highest and lowest measured values. (b) Schematic energy landscape, illustrating that the enthalpic contribution to the free energy barrier is, in most cases, significantly larger than the free energy barrier for both functional and amyloid protein filaments, implying a favourable entropy of activation, which is most likely due to desolvation in the transition state ensemble [49] .
incorporated state, but unable to recruit more monomers is not surprising. Contrary to the situation in protein folding and functional protein polymer growth, which have experienced evolutionary pressure to become smooth and guide the polypeptide reliably into the correct state, the free energy landscape of amyloid fibril growth cannot be expected to be 'funnel-like' with a well-defined, single minimum. States which are slightly out of register with respect to the templating fibril will be able to form a comparable number of favourable interactions as the correctly incorporated state, but at the same time present a less ideal template for the subsequent monomer. In fact, the very high efficiency of templating of the fibril end in the correct state is one of the most remarkable features of amyloid fibrils. Indeed, the templating effect can be so efficient that a monomer preferably will incorporate into a fibril with a molecular structure different from the one that the monomer would adopt if it were to form fibrils de novo under these solution conditions. This finding, which is also known under the term of strain propagation/conservation (as mentioned above, different fibril structures formed by the same amino acid sequence are known as strains), has been confirmed for several proteins and can be explained by the fact that the energy barrier for the nucleation of a new fibril is considerably higher than that for addition onto an existing fibril, even if the latter corresponds to a somewhat sub-ideal template under a given set of conditions. Having discussed how the free energy barriers of fibril elongation can be computed, I now turn to the question what defines the height of this barrier. Amyloid fibril growth corresponds in all known cases to a dramatic change in the secondary and tertiary structure of the monomer that is incorporating into the fibril, either from intrinsically disordered [77] , molten globule [78] or from a wide variety of native or native-like states [79] to b-sheet rich. Importantly, it is not required that the pre-cursor state be unfolded for it to be able to elongate a fibril under any given set of condition. This is, for example, illustrated by early findings during the study of what is now known to be insulin amyloid fibrils [80] , which were shown to grow under conditions, such as very low temperatures, where no unfolding of the basic unit (insulin dimer in this case) is detected. A contrasting result has been recently presented, where it has been found that the population of the native state of the PrP correlates negatively with the fibril elongation rate and this has been interpreted as inhibition of the elongation process by the native state. It is possible that in this case, folded and unfolded protein have a similar affinity for the fibril end, but that the probability of correct incorporation (i.e. the height of the main free energy barrier) is significantly lower for the unfolded protein. Before being able to definitively conclude on such an explanation, however, it is important to ascertain that the folded protein does not have an alternative (ThT invisible) reaction pathway available that would have to be taken into account in order to correctly interpret the data.
While unfolding of the monomeric precursor is not required in many cases, solution conditions ( pH, temperature, denaturant, see section below), or sequence modifications [81] that destabilise the secondary and tertiary structure of the precursor will generally accelerate amyloid fibril growth. This is, as was pointed out already above, in contrast with the behaviour of biological polymers that form from native, or native-like states, such as actin, tubulin or sickle HbS. Given that ultimately the protein has to radically change structure in order to incorporate into the amyloid fibril, it is plausible to attribute at least part of the free energy barrier to a partial unfolding of the precursor. It is very likely, however, that this partial unfolding is not an isolated event in solution, but rather aided by the fibril end. This implies that the transition state for amyloid fibril growth, the top of the highest free energy barrier separating free monomer from incorporated monomer, corresponds to a structure in which the monomer engages in contact with the fibril end. Strong evidence for this argument comes from different lines of thought, not least the decomposition of the free energy barriers into enthalpic and entropic contributions discussed below. Another argument for an inter-molecular transition state is the polarised growth of amyloid fibrils. If the rate-determining step of the growth reaction were a purely intramolecular ( partial unfolding) event, then the interaction with the fibril should not matter, and hence both ends of the fibril would be expected to grow with the same rate.
If the partial unfolding of the native structure of the pre-cursor protein, however, were the only substantial contribution to the free energy barrier, then amyloid fibril growth from intrinsically disordered precursors should be nearly barrier-less. While it is found that some disordered peptides, such as the amyloid b-peptide, indeed display a small free energy barrier for fibril growth, others, such as a-synuclein, display a much more substantial free energy barrier. There is an obvious electrostatic contribution to the barrier, given that in a homo-molecular polymerisation reaction, such as amyloid fibril growth, each of the building blocks carries the same net charge and hence there will be a repulsion between the approaching monomer and the fibril. This contribution to the barrier is independent of the structure of the precursor and will, therefore, also play an important role in the case of unfolded proteins. The contribution of electrostatic repulsion to the free energy barrier can be estimated from experiments at different ionic strength [14] , as well as by cross-seeding experiments with protein variants with reduced or increased charge. A further important contribution is likely to stem from the ( partial) desolvation of the monomer and fibril end in the transition state, as will be illustrated below.
Having established the magnitudes, and to some extent the origin, of the free energy barriers, the next step in the analysis is to decompose the free energy barriers into their enthalpic and entropic contributions. The method of choice for the decomposition of free energies into the component enthalpic and entropic contributions is a temperature variation. In the case of equilibrium free energies, this method is known as van't Hoff analysis, whereas the analysis of the temperature variation of the kinetics was pioneered by Arrhenius [82] . In Appendix 4, it is shown how a variation in temperature allows us to define the Arrhenius activation energy of amyloid fibril growth, and how this activation energy is linked to the enthalpic contribution to the free energy barrier. For reactions in solution, these two quantities are approximately equal. An important and convenient feature of this analysis is that only the relative change in fibril growth rate with temperature needs to be measured, rather than the absolute rate. In addition, the choice of the kinetic pre-factor, which is intrically linked with the definition of the free energy barrier, only weakly influences the height of the enthalpic barrier. Therefore, the enthalpic barrier is a less model-dependent, more robust quantity compared with the free energy barrier. Also in Appendix 4, many enthalpic barriers for amyloid fibril growth are listed and also, for comparison, enthalpic barriers of some non-amyloid protein polymers.
Comparing the different enthalpic barriers for different proteins and solution conditions, it can be noted that the absolute differences between different proteins are much larger than in the case of the free energy barriers. Interestingly, for those systems where the enthalpic barrier has been measured for the same protein system in different studies, the general agreement between the measurements is good, probably reflecting the simplicity and robustness of the data analysis required to obtain these values.
A remarkable feature that clearly distinguishes amyloid fibril growth from non-amyloid protein polymer growth is the very large temperature range over which the former can be observed, spanning approximately the full temperature range of liquid water. This is in stark contrast with the polymerisation of functional proteins, such as actin, tubulin or flagellin, which form functional polymers only in proximity to normal physiological temperatures (with the exception, perhaps, of functional polymers of extremophiles). As mentioned before, this difference reflects the fundamental feature that proteins need to undergo a substantial structural rearrangement in order to be able to incorporate into an amyloid fibril, whereas functional protein polymers form from native or native-like states that are vulnerable with respect to strong temperature variations. In a previous study, we have discussed the possible determinants of the magnitude of the enthalpy of activation of amyloid fibril growth [49] . We have shown that the magnitude of the barriers correlates both with the size of the protein and with the degree of residual structure in the monomer under the conditions where amyloid fibril growth is studied. The number of new data sets that have been reported since this analysis has been performed is such that a new analysis is not warranted. Indeed, recent reports on the enthalpic barriers for individual proteins, such as Ab [63, 71] or a-synuclein [37] agree well with previous reports [49] .
The entropic contribution to the free energy barrier can be simply computed as the difference between the free energy and enthalpy barriers. Of course, the entropy of activation will, therefore, depend as much on the choice of the numerical pre-factor as the free energy, and the numerical values of the entropies of activation contain the combined uncertainties of both the free energy and enthalpy. While, therefore, the absolute values of this quantity might not be very reliable, it is interesting to consider the sign. It was found in the large majority of cases where such an analysis had been performed (amyloid and functional protein polymers, Figure 6a ), that the enthalpy of activation is unfavourable and much larger in magnitude than the effective free energy barrier [22, 49, 83] (Figure 6a,b) . Therefore, the entropy of activation can be deduced to be favourable in most cases of filamentous protein aggregation, including amyloid and non-amyloid filaments. The overall energetic signature of the transition state of protein filament growth is, therefore, found to be independent of the exact nature of filament.
We have suggested previously that the origin of the favourable entropic contribution to the free energy barrier of amyloid fibril growth could stem from the hydrophobic effect, i.e. partial desolvation of hydrophobic sequence patches when the incoming protein monomer engages with the fibril end in the transition state. This argument is supported by a correlation (albeit weak) between the average sequence hydrophobicity and the magnitude of the entropic barriers [49] . Such a correlation is expected to be weak at best, given that the large entropic contribution from the peptide backbone is not taken into account here. The finding that the hydrophobic effect plays a role in the transition state of both amyloid fibril and functional protein polymer growth provides strong evidence for the fact that the highest free energy barrier that has to be crossed by a monomer about to incorporate into a fibril corresponds to a state whereby the monomer is already closely engaged with the fibril end. This model has recently been corroborated by a study that demonstrated that the electrostatic repulsion between the incorporating monomer and the fibril end is very similar in the transition state and the fully incorporated state, also suggesting a close contact between the newly adding monomer and the fibril end in the transition state [84] .
Modulation of the amyloid fibril elongation rate by the solution conditions
As mentioned above, the rate constants of amyloid fibril elongation are strongly dependent on the solution conditions and highly tunable. We have discussed the effects of individual factors, such as solution ionic strength or denaturant concentration in some detail in a previous review [85] . Any factor that reduces the free energy difference between the monomeric state and the highest point of the free energy barrier will accelerate the rate of amyloid fibril growth. This free energy difference can be lowered by destabilising the monomeric state or by stabilising the transition state. Destabilising the monomeric state, for example through changes in pH [78, 80] and addition of denaturant [22, 42] , will, of course, be particularly effective in the case where amyloid fibril formation proceeds from fully or partly structured pre-cursors. Alternatively, the transition state can be stabilised, e.g. through the addition of salt, which screens the electrostatic repulsion [14] . Another possibility to stabilise the transition state, if the latter is a more compact state than the precursor, which could be the case in the amyloid fibril growth from intrinsically disordered pre-cursors, is through molecular crowding [86] . The excluded volume effects exerted by a large concentration of crowding agents favour more compact states and can hence stabilise compact transition states.
However, it has also been found that conditions that destabilise the monomeric state, most notably increases in denaturant concentration, will eventually also start to destabilise the transition state and the final state of the elongation reaction, i.e. the fibril. This was the interpretation given to the finding that the fibril growth rates of insulin [22] and PrP [42] are non-monotonic functions of the denaturant concentration.
Changes in pH can affect both the energy of the pre-cursor state, due to a change in intra-molecular charge repulsion, and the energy of the transition state through changes in inter-molecular charge repulsion between the monomer and the fibril end. Whereas the intra-molecular charge distribution is important for the former energy, the global charge of the protein mostly defines the latter. It depends on the interplay of these partly counteracting energetic factors whether a given change in pH will accelerate or slow down amyloid fibril growth.
I will also only very briefly mention inhibition of amyloid fibril growth, because in recent years, several excellent reviews on the topic of inhibition of amyloid fibril formation, in general, have been written, e.g. [87] . Suffice it to say that amyloid fibril growth can be inhibited by adding an inhibitor species to the solution that either interacts with the fibril end [88, 89] or with the monomeric protein [90] . However, not every molecule that binds to the monomer will be an efficient inhibitor of fibril growth. It has, for example, been shown that camelid nanobodies can interact with monomeric a-synuclein with high affinity, but that even stoichiometric amounts of the nanobody only reduce the fibril growth rate by approximately a factor of two [91] . This weak effect is presumably caused by the fact that the binding epitope is not involved in the formation of the fibril core [92] . In order to achieve efficient inhibition of fibril elongation, the inhibitor should compete with the fibril end for interaction with the sequence regions that are important for the elongation reaction.
Proposition: Definition of a standard for seeding efficiency of an amyloid fibril preparation
Seeded experiments of amyloid fibril formation are an invaluable tool in the study of protein aggregation, not only in mechanistic investigations, as outlined in detail above, but also, in particular, in the quest for inhibitors of amyloid fibril formation. Especially, strongly seeded experiments can be very fast, robust and reproducible. While such assays are not able to provide insight into whether or not a given inhibitor candidate is able to interfere with any of the nucleation processes, they can be very sensitive towards the detection of interactions between the inhibitor and both the monomer and the fibril ends. The ability to detect very subtle changes in relative elongation rates in appropriately designed seeded assays translates into the detection of even weak interactions between the candidate inhibitor and either the monomer or the fibril end. Conversely, the absence of any detectable inhibitory effect in fibril elongation assays makes a direct interaction between the inhibitor and the monomer unlikely [93] . Lead compounds from such a screen can then be further optimised and also tested in assays that probe for processes other than fibril growth.
One challenge that is being faced when designing and carrying out such screens is to be able to compare data acquired with different batches of seed fibrils. Differences between the behaviour of different seed batches stem most likely from differences in the absolute number of growth competent fibril ends, reflecting, for example, different length distributions or different degrees of higher order assembly of the seed fibrils [37] . Here, I propose a way to formalise such a comparison which, I hope, will contribute to a quantitative and systematic analysis of seeded experiments of amyloid fibril formation. As pointed out above, and outlined in Appendix 1, the strongest criterion for the decision as to whether a certain set of conditions (seed and monomer concentration, solution conditions) is such that only fibril elongation contributes significantly to the data is to test whether or not the data can be well described by single exponential functions. I propose that in assays of amyloid fibril elongation, the conditions should be adjusted in such a way that this is the case, which requires often relatively high seed concentrations of several % by monomer equivalents. At the same time, the reaction should not be too fast, i.e. the time between the addition of the seeds and the start of the measurement should represent a small fraction ( 1%) of the time required to reach the plateau, i.e. to reach equilibrium. The latter condition becomes particularly relevant if many compounds are to be tested and hence many simultaneous reactions are to be prepared. Sequential preparation of the samples translates into different times the individual samples had to react, which compromises direct comparability.
The preparation of a multiwell-plate takes between seconds to minutes, which translates into a recommended characteristic time scale for aggregation of hours. I, therefore, propose that if a given seed concentration leads to a kinetic curve that can be described by a single exponential function with exponential constant t s ¼ 1=k þ;eff ¼ 1=ðk þ Pð0ÞÞ ¼ 1 h, then this seed concentration has a seeding efficiency of 1 seeding unit (su). The seeding efficiency of a given seed preparation depends, through the implicit dependence of k þ , on the solution conditions. Therefore, the comparison of two different seed preparations in this manner is only meaningful if both preparations are tested under identical solution conditions and ideally also the same initial monomer concentration.
If, in some large scale screen, different batches of seed fibrils are used, their respective concentrations (as monomer equivalents) can be adjusted such that they will display the same seeding efficiency, greatly facilitating comparison of the data throughout the entire screen.
Summary: the mechanism of amyloid fibril growth Despite its apparent simplicity, the free energy landscape for the addition of a protein monomer onto the end of an existing seed fibril is complex, with several local minima. A first, shallow class of minima corresponds to the absorption of the monomer onto the fibril end and fibril surface (Figure 7 , state 2). Absorption of the monomer onto the fibril end can lead to elongation, whereas absorption onto the fibril surface can lead, with a much lower probability, to the formation of a new fibril through the secondary nucleation. It is at present unknown whether a surface-absorbed monomer can slide along the fibril towards the fibril end and incorporate into the latter without having to detach first. Once the monomer is adsorbed onto the fibril end, it has essentially three options, in order of decreasing probability. First, it can detach again, which is, by far, the most likely event under most conditions. Second, and aided by the fibril end ('templating') it can overcome the barrier for correct incorporation, leading to the energetically most favourable state (for any given template structure). Importantly, this implies an inter-molecular transition state for amyloid fibril growth, whereby the monomer is in close contact with the fibril end. And third, it can overcome other barriers (in Figure 7b , a single one is illustrated) to reach states which are seeding incompetent (state 3). The energy barrier(s) of this process are higher than that of correct incorporation, but the seeding incompetent states are probably less favourable in free energy than the seeding competent ones. The affinity of the monomer for the fibril during initial absorption, as well as the free energy barriers for both correct and incorrect incorporation are very sensitive to the solution conditions, leading to a substantial variability of amyloid fibril growth rates, both between different proteins and within any given protein. All of the above also usually apply if the seed fibril corresponds to a structure that is not the most favourable or kinetically accessible under the given set of solution conditions. The templating effect of the fibril end is able to guide/force the monomer into its own conformation even if fibrils formed de novo under these solution conditions would form a different strain, i.e. adopt a different molecular structure (Figure 7c) .
A note of caution is appropriate here: while it can be helpful to picture amyloid fibril growth as a series of discrete steps, it is important to keep in mind that the overall process is best described as a diffusive search for favourable energy states on a free energy landscape [48, 94] and it depends on the depth and width of the individual minima how well defined the states along the pathway are.
Open questions
As outlined in this article, much progress has been made in the quantitative understanding of amyloid fibril growth rates. However, some important aspects remain unresolved and will present challenges for research in the years to come. The stunning progress, made in recent years in the determination of amyloid fibril structures at atomic detail, will aid these efforts tremendously.
1. The mechanisms of amyloid fibril growth on a residue-by-residue level are still unresolved. The aim should be to achieve a similar level of understanding to what has been achieved in protein folding [95] . Such studies should be able to take substantial advantage of available fibril structures, and will involve accurate determinations of fibril growth and dissociation rates of sequence variants of a given protein.
Most experiments to date have focused on the sensitivity of the overall elongation rate on solution conditions,
and little is known about how the different minima and barriers (Figure 7) are influenced by such variations. Such studies require systematic single particle experiments under different sets of conditions (concentration, pH, ionic strength), along the lines of the analysis performed in [71] for changes in temperature. 3. The available structural information also increasingly challenges the picture of amyloid fibrils as truly onedimensional polymers, i.e. it is found that each monomer inside a fully formed fibril interacts with more approximately to the residency time, t r . The transition from state 2 to 4 (marked with an asterisk) is highly variable in its rate, which is reflected in the wide range of observed values for k þ (Figure 5 ), even though the experimentally determined values of k þ contain also contributions from the transitions between states 1 and 2. (c) The templating effect of seed fibrils usually overcomes structural preferences imposed by the external solution conditions. This means that the monomer that adds onto the fibril end adopts the conformation imposed by the template rather than the most favourable or accessible fibril structure that is adopted when fibrils form de novo under the given solution conditions. than its two nearest neighbours (Figure 1 ). One likely consequence of such deviations from ideally onedimensional behaviour are cooperativity effects in the simultaneous parallel growth of several filaments. 4. Relatively few quantitative studies on the relationship between amino acid sequence and the ability to copolymerise have been undertaken [96] [97] [98] [99] . The co-aggregation of proteins, of which cross-elongation is only a special case, is the focus of an increasing number of studies and reviews [100, 101] . Proteins that are very different in amino acid sequence are unlikely to be able to cross-elongate fibrils. The effects of particular, even small, changes in amino acid sequence on the rates of cross-seeding cannot be currently quantitatively predicted. Qualitatively, it has been established, for example, that decreases in net charge will generally accelerate the growth rates, but the exact effect of any given change in amino acid sequence on the ability to, and rate of, cross-elongation will require structural information of the fibril to be included. Integrated structural and kinetic approaches will lead to more precise definitions of such concepts as 'gate-keeper charges' and have the potential to substantially improve available prediction algorithms. 5. It is intriguing that amyloid fibril growth on surfaces, in particular on lipid bilayers, can display a substantially lower critical concentration compared with that of bulk experiments. It will be insightful to compare surface growth with bulk growth in more detail with the aim to better define the role of the lipid molecules. Closely related to this point is the question as to the differences and similarities of amyloid fibril growth in the test tube and in vivo. Among the factors that are known to differ between these conditions, the high surface-to-volume ratio and the omnipresence of lipid bilayers in vivo is certainly one of the most relevant ones. Progress in high-resolution optical microscopy has allowed first steps in this direction [102, 103] and promises to be translated into new insight in this respect in the near future.
Appendix 1: Elongation-dominated kinetics
The treatment presented here follows closely the one we have outlined before in [37] . In the limit of strong seeding, where other processes, such as primary nucleation, can be neglected, and under quiescent conditions, where fragmentation of fibrils is negligible, the differential equation for the consumption of soluble monomer is given by
where mðtÞ denotes the monomer concentration at time t, k þ the molecular rate constant of fibril elongation, and PðtÞ the number concentration of fibrils (or rather growth-competent ends). Importantly, the dissociation of fibrils is also neglected in this case. If PðtÞ ¼ const ¼ Pð0Þ (negligible primary and secondary processes), this equation can be simplified to
In the simplest possible representation of amyloid fibril growth as linear polymerisation, there is only one rate constant k þ . However, it is becoming increasingly clear that amyloid fibrils are not truly one-dimensional polymers, as each monomer interacts often with more than two other monomers, at least in mature fibrils. It is, therefore, possible that monomers can occupy non-equivalent positions at the end of the fibril, which implies, in turn, that there could be several different rate constants for monomer addition. However, it is impossible, with current technology, to observe the growth of individual fibrils at sufficient resolution and hence in both single particle and ensemble experiments, the fibril(s) grow(s) with an effective rate constant. Therefore, the above equation is a valid description of fibril elongation experiments even if linear polymerisation is a simplification. The solution to this equation with the initial monomer concentration mð0Þ is given by mðtÞ ¼ mð0Þ e Àk þ;eff t , from where it can be seen that (due to the neglecting of fibril dissociation), the monomer concentration decreases exponentially to zero. Often, the increase in fibrillar mass concentration (via an increase in ThT fluorescence) is measured, rather than the decrease in monomer concentration. Therefore, the normalized expression for the observed increase in fibrillar mass MðtÞ, using MðtÞ þ mðtÞ ¼ mð0Þ is given by
Here, the contribution to the signal stemming from the mass of the initially present seeds has been neglected. This corresponds to subtraction of the signal present at the start of the experiment. If a given kinetic curve of seeded aggregation can be well described and fitted by this expression, this provides strong evidence that all molecular processes other than fibril growth can be neglected. Under these conditions, I define t s ¼ 1=k þ;eff ¼ 1 h as one seeding unit, SU. This quantity will allow easy comparability between different batches of seed fibrils.
Appendix 2:
The concentration-dependence of amyloid fibril elongation
As outlined in Appendix 1, amyloid fibril growth can be described as a reaction between a fibril end and a protein monomer. If the aim is to explore the behaviour at low monomer concentrations, it is no longer possible to neglect the dissociation of fibrils. Therefore, the differential equation for the rate of change of monomer concentration becomes
where k À is the dissociation rate constant. Assuming again that the number of fibril ends, PðtÞ ¼ Pð0Þ ¼ const: and calling mð0Þ ¼ m 0 , the monomer concentration at t ¼ 0, the following solution is obtained:
This equation has the equilibrium (long time) solution:
At equilibrium, therefore:
At the equilibrium ('critical') concentration, fibril growth and dissociation balance. It can be easily seen from this equation that if m . m eq , there will be net growth and if m , m eq , there will be net dissociation of the fibrils. Therefore, the amyloid fibril growth rate is a linear function of the monomer concentration and zero net growth is reached at a finite monomer concentration. It has been empirically found that most linear protein polymers display a sub-linear concentration dependence of their growth rates at higher concentrations [39, 48, 58] , i.e. that the growth rate saturates at higher monomer concentrations. The functional behaviour resembles that of Michaelis-Menten kinetics and it was indeed found that an equation of the form:
provides a good description of the data. Here, as before k þ;eff ¼ k þ Pð0Þ and m 1=2 represents the monomer concentration at which half of the maximally possible fibril elongation rate is reached. This expression has the limits lim m!þ1 dmðtÞ=dt ¼ Àk þ;eff m 1=2 ¼ const and lim m!0 dmðtÞ=dt ¼ Àk þ;eff mðtÞ. 1 It should be noted that k þ;eff corresponds to k cat E 0 =K M of the Michaelis-Menten formalism, and therefore the linear dependence of the fibril elongation rate with monomer concentration with rate constant k þ ignores the multi-step nature of the growth process and treats it as a single barrier crossing. This more general expression can also be integrated with m 0 as the monomer concentration at time 0 and yields the following expression:
where W denotes the Lambert W (or product log) function, which is defined through the equation z ¼ WðzÞ e WðzÞ for any z [ C. It has been proposed that the saturating concentration can be extracted directly from a fit of a single aggregation curve to this model [59] , rather than from the analysis of the initial rates at a range of different monomer concentrations [39, 48] . We have previously shown, using the formalism of diffusive barrier crossing and dimensionality arguments, that the characteristic concentration at which the elongation rate starts to saturate can be linked to a time scale t r through [48] :
whereby r eff represents a characteristic length scale. In our previous work, we have used polymer physics to estimate the sequence-length dependence of r eff [48] . Here, I use a simplified treatment, whereby I make use of the fact that the diffusion coefficient can be written as D ¼ k B T=6phr, where r is the radius of the diffusing molecule and h is the viscosity. By equating the size of the molecule with the characteristic dimension of the reactive site at the fibril end, an expression for the time scale t r is obtained:
t r can be thought of as an average residency time of a monomer at the fibril end. While the fibril end is occupied by one monomer that is not yet incorporated into the fibril, further monomers are unable to add onto the fibril. This explains the saturation effect at higher concentration. It is interesting to compare the saturation concentrations and residency times for amyloid fibril formation of different proteins under different conditions. Without any claim of completeness, I have collected such data from the literature, and they are plotted in Figure 3 and the data are listed in Table A1 , together with the literature references. The value of m 1=2 is only directly given in some of the references; in those cases where it is not explicitly stated, I have extracted the data and fitted them to the model discussed above. It can be seen from Table A1 that the values of m 1=2 and hence of t r can differ considerably, between different proteins, but even for any given protein upon change in sequence or solution conditions. This variability is most clearly illustrated in the case of the PrP, for which it was shown that a change in solution conditions (variation of denaturant concentration) can be used to tune the concentration dependence of fibril growth from very low saturation concentrations of the order of a few mM to hundreds of mm [42] . I conclude, therefore, that the saturation concentration of amyloid fibril elongation is unlikely to represent a characteristic feature of each protein, but rather reflects the magnitude of the weak interactions between the monomer and the fibril end, while the monomer is not yet correctly incorporated into the fibril. The magnitude of these weak interactions is subject to strong relative variations upon changes in solution conditions. The value of m 1=2 for flagellin [58] is included in Table A1 as the only example of a functional protein polymer. For actin [68, 107] and tubulin [75] , only filament growth rates at low concentrations are available. For sickle HbS, the concentrations used in typical experiments are so high (several mM) that the activity coefficient g differs substantially from unity (values of g of 10 and more can be reached [108] ), rendering it difficult to distinguish saturation effects from activity coefficient-related effects on the net growth rate.
Appendix 3: The rate constants of amyloid fibril growth
Before considering the experimentally determined rate constants for amyloid fibril elongation, it is interesting to recall the maximal possible bi-molecular reaction rate constants in solution. If the reaction consists in the capture of a species A, with diffusion coefficient D A and concentration c A by a sphere of Radius R, then the diffusion-limited reaction rate in solution, F max is given by [109] :
This situation is a good approximation for the case whereby the elongation reaction consists in the diffusion of a protein monomer into a reaction volume at the fibril end, because the fibril will have a much lower diffusion coefficient than the monomer and hence appears stationary, even in the case where elongation occurs freely in solution. It has to be noted, however, that fibril elongation might also have contributions from monomer that attaches to the fibril surface, then slides along the fibril and incorporates into the fibril end when it reaches the end. This putative contribution to fibril elongation could increase the maximal possible (barrier-less) rate. However, for the simple estimate of the maximally possible, diffusion-limited fibril elongation rate, this aspect can be neglected. The diffusion-limited elongation rate constant is therefore given by Continued where I have used the expression for the diffusion coefficient, D ¼ k B T=6phr and I have made the simplifying assumption that the radius r of the protein monomer is approximately equal to the reaction volume R at the fibril end. Therefore, the value for the diffusion-limited rate constant is k max ¼ 3:05 Â 10 À18 m 3 s À1 , which can be converted into molar units by multiplying with Avogadro's number and converting from m 3 into litre, yielding k max ¼ 1:8 Â 10 9 M À1 s À1 . It is insightful to compare this upper bound to the rate constants actually observed in the measurements of protein polymer growth. I have prepared a collection of literature values for k þ in Table A2 not only for amyloid fibrils, but also for non-amyloid protein polymers. The rate constants are plotted in Figure 5 of the main manuscript.
Appendix 4: The temperature dependence of amyloid fibril growth rates
In the simple Arrhenius picture, a rate constant consists of the product of a pre-factor A and an exponential factor with an activation energy, E A :
If the logarithm of the rate constant is plotted against the inverse temperature, the Arrhenius activation energy, E A , can be determined:
d log ðkÞ
Some values of E A from the literature are listed in Table A3 . Formally, the activation energy is not identical with the activation enthalpy. However, it can be shown that they are numerically very close. The reason why these two quantities differ is that in the Arrhenius theory, the Non-amyloid dis. [76] Listed are mostly values for amyloid fibrils, but for comparison also values for non-amyloid functional and disease-related protein polymers. In some references, the numerical value of k þ is directly quoted, but in others values for the absolute growth rate are given together with the monomer concentration at which the experiments were performed, which allows to calculate the rate constant. Ã Calculated under the assumption that the average number of monomers in the seed fibrils to be 200 (estimated from TEM images of seed fibrils). y Calculated under the assumption that the fibrils consist of 0.3 monomers/nm (from protein molecular mass and AFM fibril thickness), and reflecting the observed spread in single fibril growth rates.
kinetic pre-factor is temperature independent, whereas in more modern reaction rate theories, such as transition state theory for gas phase ractions [133] , or Kramer's theory for diffusive reactions in solution [134] , the pre-factor depends on temperature. Interestingly, in both theories, there is an explicit linear temperature dependence. The Eyring pre-factor is k B T=h and the Kramers pre-factor contains the diffusion coefficient which depends linearly on T : D ¼ k B T=6phr. D also depends in addition on temperature through its dependence on solution viscosity h, which itself is temperature dependent. The Arrhenius equation can therefore be written as
and for the case of a diffusive reaction in solution, where the rate constant can be written as (due to the assumption of linear temperature dependence of A):
and therefore
and hence E A ¼ H z þ RT. This means that the difference between the Arrhenius activation energy and the enthalpy of activation is 2.5 kJ/mol, which is smaller than the experimental uncertainties of most of the experimental data, which allows to treat Arrhenius activation energy and enthalpy of activation as being approximately equal.
Abbreviations CD, circular dichroism (CD); DLS, dynamic light scattering; FRET, Förster resonance energy transfer; HbS, haemoglobin; ITC, isothermal titration calorimetry; NMR, nuclear magnetic resonance; PrP, prion protein; QCM, quartz crystal microbalance; SPR, surface plasmon resonance; ThT, Thioflavin-T.
